ABSTRACT Due to the diversity of redundant configuration schemes, the existing calibration algorithm for the redundant inertial measurement unit (RIMU) cannot be applied generally. In addition, the linearized calibration model utilized in the traditional calibration algorithms also leads to low calibration accuracy. In this paper, a high-precision calibration scheme is proposed for the RIMU, which can be applied generally. At first, a general calibration model for the RIMU is established. Then, a zero-space amplification algorithm is applied to improve the observability of the system. At last, the extended Kalman filter (EKF) based on the second-order Taylor series expansion is proposed, which can estimate the biases, scale factor errors, and installation errors simultaneously. The simulation and experimental results demonstrate that the proposed calibration algorithm calibrates the system accurately and improves the performance of the RIMU effectively. Furthermore, the proposed algorithm can be applied generally in all kinds of RIMU.
I. INTRODUCTION
Strap-down inertial navigation system (SINS) is applied widely in submarins and ships, because of its high autonomy and concealment [1] . Inertial measurement unit (IMU) is the core equipment in SINS which can measure and provide angular rate of a body [2] , [3] . A traditional IMU system consists of three accelerometers and three gyroscopes which are installed orthogonally. IMU can offer the navigation information by at least three groups of inertial sensors. If one of the inertial sensors is damaged, the IMU will not work properly [4] , [5] . To improve the reliability and long-endurance accuracy of IMU, the redundant inertial measurement unit (RIMU) is proposed in [6] , [7] . Limited by the performance and installation conditions of inertial devices, there still exist system errors in RIMU. Therefore, RIMU also needs to be calibrated.
In the three-axes orthogonal IMU, the calibration schemes are well established. In [8] , a static 26-position algorithm is proposed which can estimate biases, scale factor errors and installation errors simultaneously. Nevertheless, due to the small angular velocity of the earth's self-rotation which cannot be measured by low accuracy inertial devices, the The associate editor coordinating the review of this manuscript and approving it for publication was Jin Sha. application area for the static calibration scheme is limited. To solve this problem, a uniform-rate 26-position calibration algorithm is proposed in [9] . The turntable rotates at a constant rate which is bigger than angular velocity of the earth's self-rotation. However, these two schemes are only applicable to the traditional three-axes IMU and cannot be used to calibrate RIMU. Compared with IMU, there are more numbers of gyros and accelerometers in RIMU which are installed in non-orthogonal positions [10] , [11] . Due to the non-orthogonal installation, the traditional calibration algorithms will be invalid.
To solve the calibration problems in RIMU, a calibration algorithm based on marble slab and regular hexahedron is proposed in [12] . After establishing a twelve-installation error model, observation model can be obtained by flipping the marble slab in a manual way. Then, the biases, scale factor errors and installation errors can be estimated. However, the RIMU with low accurate gyros which is unable to be sensitive to earth's self-rotation cannot be calibrated. Furthermore, the experiment is complicated and difficult to be operated. A calibration algorithm based on high accuracy turntable is proposed in [2] to solve the problem of low calibration accuracy by using marble slab. In [2] , a very complicated experimental process is required, besides the biases, scale factor errors and installation errors cannot be obtained at the same time. To simplify the experimental steps, a calibration algorithm based on Kalman filter (KF) is proposed in [13] , all of the errors are able to be estimated at the same time through a simple experimental process. Yet the calibration accuracy is limited due to the low observability of the observation model. In order to improve the observability, a KF calibration algorithm based on zero-space amplification is proposed in [14] . The KF estimation algorithm, as a linear estimator, is used to estimate states by a linear dynamic model [15] . Due to the calibration model is nonlinear, the calibration model needs to be reduced to a linear model which will lead to inaccurate estimation, especially for low precision inertial devices like microelectromechanical system (MEMS).
Extended Kalman filter (EKF) is the nonlinear version of the KF which can be used to a nonlinear model. However, a first-order Taylor expansion is used in EKF which results in inaccuracy estimation. In order to improve the estimation accuracy, EKF based on second-order Taylor expansion is proposed. Compared with unscented Kalman filter (UKF), EKF is easy to implement with less computation, and it has good estimation performance for weak nonlinear system [16] . In [17] , a derivative UKF is proposed for integrated navigation system. Although it reduces the computational load of UKF, the complexity of program is larger than EKF. Besides the nonlinearity of the calibration model is low, the accuracy of derivative UKF and EKF based on second-order Taylor expansion is similar. According to the analysis above, the EKF based on second-order Taylor expansion algorithm can be used to calibrate RIMU.
In summary, most of the above calibration algorithms have the defects as follows: (1) The observability of calibration model is poor. (2) Biases, scale factor errors and installation errors cannot be obtained at the same time, and experiments are complicated. (3) Calibration algorithm is not generic. (4) Calibration accuracy is low.
In this paper, a calibration algorithm based on second-order Taylor expansion EKF suitable for all kinds of RIMU is proposed to solve the existing problems. At first, a general calibration model is built. Then, a zero-space amplification algorithm is proposed to improve the observability of the system. At last, calibration parameters can be obtained effectively at the same time by exploiting EKF based on second-order Taylor expansion. Moreover the performance of the RIMU can be improved significantly, and the proposed algorithm can be adopted to all kinds of RIMU.
The rest of this paper is organized as follows. In Section II, the description of RIMU is presented. Section III details the calibration model, EKF based on second-order Taylor expansion and zero-space amplification algorithm. Simulation, experimental results and analyses are presented in Section IV. Finally, conclusions are summarized in Section V.
II. DESCRIPTION OF INSTALLATION ANGLES
A general description of installation angles should be designed first to obtain the calibration model. Furthermore, coordinate systems and relationships between coordinate systems are defined in this section for ease of calculation.
A. TRADITIONAL DESCRIPTION OF INSTALLATION ANGLES
The body coordinate system ox b y b z b is shown in Fig. 1 , where x b and y b are the lateral and longitudinal axes along the direction of carrier, respectively. x b , y b and z b constitute a right-handed Cartesian coordinate system [18] .
As shown in Fig. 1 , assuming that the sensitive axis of the No. i oblique gyro is ω i , the angle between ω i and z b is ϕ i , the angle between ω i and x b is η i , the angle between ω i and y b is γ i .
According to the relation between the sensitive axis of gyroscopes and the body coordinate system, the redundant configuration matrix H 1 can be expressed as
where n denotes the number of gyros. There are 3n installation angles as shown in (1) . It is to be noted that the more parameters, the more complex data processing is. The cone description of installation angles is proposed to reduce the number of installation angles. It also plays an important role in improving the calibration accuracy of RIMU.
B. CONE DESCRIPTION SCHEME OF INSTALLATION ANGLES
As shown in Fig. 2 , assuming that the sensitive axis of the No. i oblique gyro is ω i , then the configuration angles α i and β i can be introduced. In body coordinate system, α i denotes the angle between ω i and axis z b , β i indicates the angle between the projection of ω i on the plane x b oy b and axis ox b .
The cone description of installation angles is shown in Fig. 3 . The input of navigation calculation is required to be the three-axes orthogonal gyro measurement values, so the transformation relation between body coordinate system and gyroscopes should be obtained before navigation calculation. According to the cone description in Fig. 3 , the relationship VOLUME 7, 2019 FIGURE 2. Relation between the sensitive axis of gyroscope and body coordinate system. between body coordinate system and gyroscopes is as follows
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where ω g1 , ω g2 , ω g3 and ω g4 are the measurement values of four gyroscopes. ω bx , ω by and ω bz are three-axes inertial navigation measurement values, respectively, which can be given by the turntable.
Assuming that H is a transformation matrix from the body coordinate system to four-gyro RIMU. There are 8 installation angles in the four-gyro RIMU. It is obvious that we need less installation angles for structure design and data processing, in comparison with the traditional description. The configuration matrix can be simplified as
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(3)
According to (3), we can get the transformation matrix and transformation function of multi-gyro RIMU which can be modeled as
Solving (5) by the least square algorithm, the angular velocity in body coordinate can be readily obtained
In order to describe the relationship between each gyroscope and body coordinate system, sensor coordinate systems (ox gi y gi z gi , i = 1, 2, . . . , n) for each gyro are established, e.g., in the multi-gyro RIMU, the first sensor coordinate system is ox g1 y g1 z g1 . According to the relationship between the gyro's sensitive axis and body coordinate system in Fig. 2 , the relation between body coordinate system and sensor coordinate system is able to be obtained. As shown in Fig. 4 , z g1 coincides with the gyro's sensitive axis, x g1 is on the plane z g1 oz b and perpendicular to z g1 . z g1 , y g1 and x g1 constitute the right-hand coordinate system. α 1 represents the angle between z g1 and z b , β 1 donates the angle between the projection of z g1 on the plane x b oy b and x b .
From Fig. 4 , we can get the relationship between body coordinate system and sensor coordinate system
where
The calibration model can be easily obtained through analyzing the relationships between gyroscopes and turntable.
III. CALIBRATION SCHEME A. CALIBRATION MODEL OF SENSORS
In the calibration process of traditional three-axes orthogonal IMU, a common model (12-errors model) has been used. The 12 errors can be divided into three categories: three biases, three scale factor errors and six installation errors. The traditional 12-errors model for three-axes IMU can be represented as
where l bi (i = x, y, z) is the output data of the gyroscopes, S i and K ij denote scale factor errors and the installation errors respectively. b bi and ω bi indicate biases and actual angular velocity of turntable respectively. To simplify, (8) can be abbreviated as
In order to get unknown parameters, IMU is installed on a turntable. Then we can get several groups observation vectors by rotating the turntable in different attitude. At last, the errors can be estimated by filter algorithms [19] , [20] . Compared with the traditional IMU, there are more than three groups of non-orthogonal inertial devices in RIMU. Therefore, the traditional calibration model can not be used in multi-gyro RIMU. A novel calibration model needs to be proposed.
Similar to calibration errors of the traditional IMU, there are also biases and scale factor errors in RIMU. Assuming that the biases and scale factor errors for each gyroscope are expressed as
where n donates the number of gyros, b and k indicate biases and scale factor errors for each gyroscopes, respectively. Due to the installation errors, the axis z gi is not orthogonal with axes x gi and y gi in sensor coordinate system. We can assume that the gyro's sensitive axis rotates θ xi and θ yi around x gi and y gi respectively, which is shown in Fig. 5 .
After the first transformation, we can obtain Rotating ox gi y gi z gi along y gi by θ yi , then we can get
Assuming that θ xi and θ yi are small, ox gi y gi z gi can be sim-
As known that the sensitive axes of gyros coincide with z gi , output values of gyros can be expressed as
Substituting (7) into (15), we can obtain the gyro's output as
Considering the biases and scale factor errors, (16) can be rewritten as
For the sake of simplification, (17) can be expressed in a matrix form,
The calibration model of multi-gyro RIMU can be expressed as
We can get ω t and ω G by multiple experiments. Then, B, K, θ x and θ y can be estimated by filter algorithm respectively. VOLUME 7, 2019
B. EKF BASED ON SECOND-ORDER TAYLOR EXPANSION
The EKF based on second-order Taylor expansion is proposed in this section to estimate B, K, θ x and θ y in (19) .
Assuming that the dynamic model and the observation model are expressed as
where the state X consists of biases, scale factor errors and installation errors. It can be expressed as
Due to the states do not change over time, we can obtain dynamic model as
Premultiplying a matrix H inv , (19) can be calculated as, (24) where
The observation vectors can be expressed as
According to (24) , The Jacobian matrix can be given as
In EKF based on second-order Taylor expansion, Hessian matrix is used to estimate the states [21] . In order to obtain Hessian matrix, we define the following equations:
Then the Hessian matrices can be expressed as
According to the observability of nonlinear system theory, the rank of observability matrix is 3 which is smaller than the quantity of states, thus the system is not observable completely. The accuracy of estimation result cannot satisfy the requirement. In order to improve the observability, a zerospace amplification algorithm is proposed as
where, N is the orthogonal basis of left zero space of H, which is defined as
Then, the modified observation model can be expressed as
According to (34), the observation vectors can be calculated
Jacobian matrix and Hessian matrix can be expressed as follows
From the proposed zero-space amplification algorithm, it is obvious that the rank of observation model is increased, and the observability is improved. The filter steps are described as (41) ∼ (45):
After the 5 steps, biases, scale factor errors and installation errors can be estimated accurately [22] - [24] . 
IV. RESULTS AND DISCUSSION
In this section, a series of simulations and experiments are conducted to demonstrate the effectiveness of the proposed calibration algorithm. In addition, the results and performance analyses are also provided.
A. EXPERIMENTAL CONDITION
The RIMU using in experiment is tetrahedron structure. In this structure, four gyroscopes are installed on each face of the tetrahedron. The structure is shown in Fig. 6 . The installation angles of each gyroscope are shown in Table 1 . The MEMS used in the experiment RIMU is ADXRS453, the parameters of ADXRS453 are given in Table 2 .
According to the parameters shown in TABLE 1, the transform matrices can be obtained, i.e., H, W and V. As shown in Fig. 7 , the RIMU is installed on a turntable, which can provide a high-precision three-axes rotary movement.
B. SIMULATION RESULTS OF THE CALIBRATION ALGORITHM
In order to obtain the simulation data, the run track of the turntable is designed as shown in Fig. 8 . The corresponding received data from the gyroscopes are provided in Fig. 9 . The estimation process by KF, EKF and UKF of each gyroscopes is shown in Fig. 10 . From Fig. 10 , EKF based on second-order Taylor expansion shows better performance than KF and UKF in calibration parameter estimation.
To examine the superiority of the proposed scheme in detail, we list several tables of simulation results below. In Table 3 , the theory values and average estimated states calculated among 10 groups of simulations are presented, and the corresponding standard errors of the average estimated states are given in Table 4 . Then, we can calibrate the RIMU by the estimated biases, scale factor errors and installation errors. The calibrated gyros' output by KF EKF and UKF is shown in Table. 5. Due to the weak nonlinearity of the calibration model, b 4 and k 3 show performance degradation. However, as shown in Table. 5, the proposed scheme outperforms KF and UKF in the dynamic simulations of calibrated gyros' output. In the process of navigation, the calibrated gyros' output is more meaningful than the values of biases, scale factors and installation errors. Therefore, the performance of the proposed scheme is better than KF and UKF.
C. EXPERIMENTAL RESLUTS OF THE CALIBRATION ALGORITH
Simulation of the proposed algorithm only shows the feasibility of the algorithm in theory. To illustrate the performance of the proposed algorithm, an experiment is designed. Turntable runs as Fig. 8 , values of observation vectors are shown in Fig. 11 .
The biases, scale factor errors and installation errors can be estimated through the proposed algorithm. The calibration process is shown in Fig. 12 . The estimated values of biases, scale factor errors and installation errors are shown in Table 6 . Comparing with the biases given by Table 2 , the estimated biases are reasonable.
We can obtain the accuracy outputs of RIMU by the calibration scheme. Fig. 13 shows the theory output, output before calibration and output after calibration of each gyro. From Fig. 13 , we can see that the output errors after calibration reduce significantly compared to errors before calibration. Standard errors of gyro's outputs are detailed in Table 7 . From Table 7 , the calibration accuracy of the proposed algorithm is better than that of KF and UKF.
In order to guarantee the reliability of the experiment results, the experiment is conducted in 3 different days. Biases, scale factor errors and installation errors in 3 days are shown in Table 8 , respectively. The estimation errors almost remain constant within 3 days which demonstrates the stability of the proposed algorithm.
D. DISCUSSION
According to the experiment results above, the calibration algorithm of EKF based on second-order Taylor expansion for RIMU can estimate the biases, scale factor errors and installation errors effectively at the same time. Compared with the traditional calibration algorithms, the novel calibration algorithm proposed in this paper has the following advantages:
(1) In the condition that the RIMU cannot be calibrated by the traditional calibration algorithm, cone description scheme of installation angles and a high precision calibration model are proposed which can be applied in all kinds of multi-gyro RIMU. Therefore, the performance of adaptability is excellent.
(2) Because of the non-orthogonality of RIMU, it is difficult to calculate all of errors at the same time with the traditional calibration algorithm. However, the proposed calibration algorithm can be used to estimate all of the errors simultaneously. Compared with the traditional multi-position scheme, the complexity of the experiment is reduced greatly.
(3) In order to reduce the errors caused by linearizing the calibration model, an EKF based on second-order Taylor expansion is proposed. From experiments, the estimated biases, scale factor errors and installation errors with EKF based on second-order Taylor expansion are more accurate than that with KF.
(4) Since the rank of observation matrix is smaller than the quantity of states when zero-space amplification is not applied, the states cannot be observed absolutely. With the zero-space amplification algorithm, the observability of the system can be improved and the accuracy of estimation is higher. Thus, the proposed algorithm based on zero-space amplification perform better than traditional algorithm in estimating the errors of RIMU.
According to the advantages above, the novel calibration algorithm for RIMU proposed in this paper is effective and feasible.
V. CONCLUSIONS
Because of the low precision and non-universality of traditional calibration schemes for RIMU, a high-performance calibration scheme based on second-order Taylor expansion EKF is proposed. First, the cone description scheme of installation angles is proposed to improve the generality of the calibration scheme, and a transformation matrix is established through the scheme. Then, a 16-errors model is built for calibration and a zero-space amplification algorithm is proposed to improve the observability of the system. Finally, the EKF based on second-order Taylor expansion algorithm is proposed to estimate the biases, scale factor errors and installation errors which improves the calibration accuracy. The proposed algorithm can be applied in all kinds of multi-gyro RIMU. Simulation and experimental results have demonstrated that the calibration algorithm proposed in this paper is superior in improving the accuracy of RIMU obviously.
